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centrality measures

which nodes are most important?

— node centrality measures for (un)directed networks

– clustering coefficients [WS98, SV05, dNMB05]

– geodesic-based measures [Fre77, FBW91, New05]

– spectral analysis measures [Kat53, Bon87, BP98]

– fragment-based measures [MSOI+02, Prž07, EK15]

— link analysis algorithms primarily for directed networks

1/17 © Lovro Šubelj



networkology LPP

— partial LPP public bus transport network∗

— n = 416 bus stops with ⟨k⟩ = 5 .62 connections

— giant component 95.4% nodes (6 components)

— “small-world” with ⟨C ⟩ = 0 .09 and ⟨d⟩ = 14 .26

— “scale-free” with γ = 2 .62 for cutoff kmin = 5
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centrality clustering

important nodes are strongly embedded

— for undirected G clustering coefficient C [WS98] of i is

– ti is number of linked neighbors or triangles of i

Ci =
2ti

ki (ki−1) Ci = 0 for ki ≤ 1

— ω-corrected clustering coefficient Cω [SV05] of i is

– ωi is maximum possible ti with respect to {k}
Cω
i = ti

ωi
Cω
i = 0 for ωi = 0

— µ-corrected clustering coefficient Cµ [Bat19] of i is

– µ is maximum number of triangles over links

Cµ
i = 2ti

kiµ
Cµ
i = 0 for ki = 0
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networkology clustering

— clustering coefficient C in partial LPP network†

— highest Ci = 1.0 nodes are Na Žalah etc. with ki = 2
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networkology µ-clustering

— µ-corrected clustering Cµ in partial LPP network‡

— highest Cµ
i = 0.44 node is Drama with ki = 10
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centrality closeness

important nodes are close to other nodes

— for (un)directed G closeness centrality ℓ−1 [New10] of i is

– dij is (un)directed distance between i and j
– dij = ∞ for nodes in different components

ℓ−1
i =

1

n − 1

∑
j ̸=i

1

dij

— ℓ−1 spans small range in small-world networks
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networkology closeness

— closeness centrality ℓ−1 in partial LPP network§

— highest ℓ−1
i = 0.208 node is Gosposvetska with ki = 14
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reduced to simple undirected graph
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centrality betweenness

important nodes are bridges between other nodes

— for (un)directed G betweenness centrality σ [Fre77] of i is

– gst is number of shortest paths between s and t
– g i

st is number of such shortest paths through i

σi =
1

n2

∑
st

g i
st

gst

— σ considers only shortest paths [FBW91, New05]

— σ mixes local centers with global bridges [JMK+16]
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networkology betweenness

— betweenness centrality σ in partial LPP network¶

— highest σi = 0.235 node is Razstavǐsče with ki = 11
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reduced to simple undirected graph
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centrality degrees

important nodes are linked by many nodes

— for undirected G degree centrality d of i is

di =
1

n−1

∑
j ̸=i Aij =

ki
n−1

— in directed G in-degree centrality d in of i is

d in
i = 1

n−1

∑
j ̸=i Aij =

k in
i

n−1

— in directed G out-degree centrality dout of i is

dout
i = 1

n−1

∑
j ̸=i Aji =

kout
i

n−1

10/17 © Lovro Šubelj



networkology degrees

— degree centrality d in partial LPP network

— highest di = 0.099 node is Razstavǐsče with ki = 41

— highest d in
i node is Razstavǐsče with k ini = 20 and kouti = 21
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centrality eigenvector

important nodes are linked by important nodes

— for (un)directed G eigenvector centrality e [Bon87] of i is

– v and λ are eigenvectors and eigenvalues of A
– e is proportional to leading eigenvector v1

e(t) = Ate(0) = At
∑

i Civi =
∑

i Ciλ
t
i vi = λt

1

∑
i Ci

[
λi
λ1

]t
vi → C1λ

t
1v1

ei = λ−1
1

∑
j

Aijej

— in directed G e = 0 for k in = 0 nodes etc.
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networkology eigenvector

— eigenvector centrality e in partial LPP network

— highest ei = 0.082 node is Konzorcij with ki = 30

tomacevo

nove zale

na zalah

tomacevska

kranjceva

savske stolpnice

topniska

astra

razstavisce
bavarski dvordalmatinova

turist

zmajski most

krekov trg

privoz

trnovo

veliki stradon

livada

ilovica

lahova pot

iski most

barje

pri maranzu

izica

havptmance

ig petrol

ig ap

ig

staje

kot

iska vas sola

iska vas

iska vas obracalisce

tavcarjeva

crnuce

rogovilc

kolodvor crnuce

sava

jezica

ruski car

stozice

smelt

amzs

mercator

stadion

ajdovscinakonzorcijdramaaskerceva
tobacna

hajdrihova

stan in dom (lj. ilirija)*

glince

vic

bonifacija

dolgi most (lj. dolgi most gruda)*

dolgi most p+r

zelezna

vevce

bezigrad
cesta na vevce

polje

kolodvor

polje-kolodvor

friskovec

novo polje

viadukt

zadobrova

srediska

sneberje

flajsmanova

hrastje

sola jarse

nove jarse-smartinska

jarse

zito

kodrova

navje

boziceva

krizisce sostro

kardeljeva ploscad

cesta v zavoglje

gasilska brigada

zadvor

kpl

posta dobrunje
dobrunje

cesta v bizovik

hrusica

rast

poljanska

emona

ambrozev trg

stepanja vas

roska

pod golovcem

gornje poljane

krziceva

stajerska

bavarski dvor (kozolec)

krizanke

gornji trg

strelisce

rakovnik

spodnji rudnik

rudnik

pod hribom

lavrica pri malci

lavrica

skofljica petkovsek

skofljica zaga

skofljica

skofljica javornik

reber pri skofljici

spilar

mali vrh

razdrto

smarje

sap

cikava brvace

stara posta

pod gozdom

adamicev spomenikljubljanska

os brinje

kongo

dom starejsih

dom obrtnikov

vodicar

krpan

mrzle njive

grosuplje

brvace

cikava

skofljica spica

gosposvetska
bavarski dvor (korabar)

podutik

murkova

omersova

pod kamno gorico draveljska gmajna

koseze

bratov ucakar

kneza koclja

slovenija avto

kino siska

stara cerkev
tivoli

ilirska

hrvatski trg

glonarjeva

jana husa

kodeljevo

stepanjsko nas.

sisenska

gameljne

rasica

rasica zg.

zg. gameljne

smartno

tacen

tacenski most

ob daljnovodu

tabor

na klancu

kosmaceva

sentvid

podgora

prusnikova

imp

tehnounion

ljubljanske brigade

litostrojska

elma

slandrova

obrtna cona

cesta na brod

slovenijales

brnciceva

stepanjsko naselje

zaloska

trznica moste

bolnica

klinicni center

poliklinika

mirje

ziherlova

murgle

opekarska

pot na rakovo jelso

barje p+r

posta

ob sotocju

smona

dobrova greben

dobrova

razori

drazevnik

komanija

podsmreka g. d.

rotar

pri gorjancu

na gmajnici

dolgi most rotar

tivolska
kolodvor (ap ljubljana)*vodice

vodice os

bokuvica plevec

bukovica anzel

utik

selo pri vodicah

vesca

polje obracalisce

letaliska obr.

letaliska

rog

gzl

leskoskova

yulon

bratislavska

nove jarse

nove jarse - sm.

pokopaliska

zale

savske stolp.

prekmurska

kozolec na jami

bolnica p. drz.

zgornja siska

trznica koseze

cebelarska

plesiceva

andreja bitenca

przan

kora bar

zalog

saturnus

zeleni gaj

zadruzni dom

silos

petrol

studenec

fuzine p+r

rusjanov trg

preglov trg

brodarjev trg

pot na fuzine

gasilska brig.

kard. ploscad

puhova

maroltova

n. stozice p+r

chengdujska

bericevo

reaktor

sentjakob

belinka

nadgorica

jeza

zasavska

os maksa p.

pot v hrastovec

pot v smrecje

polanskova

kolodvor crn.

sp.gameljne 1

sp.gameljne 2

sp.gameljne 3

gd gameljne

primoziceva

mestni log

vizmarje

tbilisijska

koprska

krimska

trata

gerbiceva

dravlje

jadranska

kompas

avtomontaza

 drama

 askarceva

remiza

dravlje gerbiceva

mali dunaj

dolg most p + r

zgornji log

cesta v gorice

dolgi most p + r

medvode 

novo naselje

medvode na klancu

zbiljski gaj

zbilje k.

zbilje jezero

zbilje barka

smlednik sola

valburga

hrase zahod

hrase center

hrase vzhod

zapoge

dobrusa lipa

svetje

medvode

kozarje g.d.

kozarje gmajna

razori rogovilc

sujica

gabrje pri dobrovi

gabrje brvicar

hrusevo

zirovnik

hrastenice

log pri p.g. belica

dvor pr p.g.

dvor pri p.g.

d. vas pri p.g.

podreber

st. vas pri p.g.

polhov gradec

kolezija

zelezna

bezigrad

razstavisce

ajdovscina

tobacna
stan in dom

vic

dolgi most

kozarje

radna

solska

japeljjapel

erbeznik

mosticek

notranje gorice

pri poku

askerceva

posta

polje obracalise

vojsko

selo mali dunaj

selo

sinkov turn

bukovica

os vodice

repnje kapelica

skarucna

ljubljana

btc-emporium

btc-merkur

btc-kolosej

btc-trznica

btc-uprava

orlova

izanska

galjevica

goluhova

mihov stradon

jurckova

bobrova

ns rudnik

btc-atlantis

savlje

kalisnikov trg

cerinova

7. septembra

gorjanceva

pohorskega bataljona

brinje

vodovodna

podmilscakova

parmova

hranilniska

subicevacankarjev dom

pod roznikom

studentsko naselje

rozna dolina

cesta xv

jamnikarjeva

visko polje

podmornica

preval

brdo

bokalce

stanezice

dvor

oval

martinovabrod

kajakaska

vikrce

gostilna kovac

zavrh

sp. pirnice

zg. pirnice

zg. pirnice mihovec

verje

medvode - vodice

nove stozice

fuzine

cesta an vevce

litostroj

kovinarska

kolizej

akademija

peruzzijeva

gornji rudnik

13/17 © Lovro Šubelj



centrality Katz

nodes get small amount of importance for free

— for (un)directed G Katz centrality z [Kat53] of i is

– α and βi are some positive constants

zi = α
∑
j

Aijzj + βi

— for convenience βi = 1 whereas α < λ−1
1

– λ1 is leading eigenvalue of A
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centrality PageRank

nodes distribute equal amount of importance

— for (un)directed G PageRank centrality p [BP98] of i is

– α and βi are some positive constants

pi = α
∑
j

Aij
pj
koutj

+ βi

— for convenience βi =
1−α
n whereas α = 0 .85

see PageRank algorithm NetLogo demo

15/17 © Lovro Šubelj
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networkology PageRank

— PageRank centrality p in partial LPP network

— highest pi = 0.011 node is Razstavǐsče with ki = 41
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centrality overview

which nodes are most important?
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