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blockmodeling overview
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graph partitioning [KL70, Fie73] blockmodeling [LW71, WR83]

communities [GNO2] overlapping communities [PDFV05]

* . . . . .
assortative & disassortative equivalence blockmodeling
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link communities [EL09, ABL10]



blockmodeling equivalence

— standard equivalence blockmodeling [DBFO05]
— define node similarity as (structural) equivalence
aij ~ |F, N FJ|
1. blockmodeling by (hierarchical) clustering O(n?)
2. return block model at desired clustering resolution

Jjavax adjacency matrix javax block model

javax.swing, javax.management, javax.naming, javax.print, javax.xml, javax.lang etc.
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blockmodeling structural

similar nodes have same neighbors

— standard structural equivalence [LW71] of / and  is
gjj = ZXA,'XAXJ' = |I_, N I__,|

— Salton structural equivalence [SM83] of / and | is

— 0 is angle between neighborhoods A; and A;
S AAG _InnG|

\/Zx A/Zx V zx A]?x \% kikj
|rinf;l

ojj = cosBjj —

— Leicht structural equivalence [LHNO6] of / and j is oj; — e
iKj

W

structural regular equivalence
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blockmodeling regular

similar nodes have equivalent neighbors

— standard regular equivalence [WR83] of / and j is

— o < A1 is positive constant and \ leading eigenvalue of A

O','j = ny AiXAij—X)/ + (SU — ZXGI—:’ Eye,—j ny + 5’]
o = aAcA + | and thus o0 = 0, o) = I, o = qa? + 1, o) = 2% + aA? + I etc.

— Katz regular equivalence [Kat53] of / and J is
oij = ﬂ:z A,‘X(TXJ' + ()"j = aerF Oxj —{—50‘

o = aAc + I and thus o(© *0 01>*I(72)f(xA+la = a?A% + aA + | etc.

N YV AV

structural regular equivalence standard Katz
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blockmodeling history

Early Communities

Geort ns recorded the
communication of bank telers.

Graph Partitioning
Predecessors to communiy
finding, graph partioning
7,

Michelle Girvan and Mark Newman

the hierachical divisive

algorithm, igniting an explosive interest
in community identification [9]. They also
introduce modularity in 2004 [23).

Erzsébet Ravasz
roposes s erarchicalagglomer-
e lgortm, unias
xplosion of research within
systems biclogy [1]

o
cammnities botom) (31

social and computer science, preceeding network science.

integrated circuits

Graph partitioning  Blockmodeling
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Hierarchical clustering
The socilog'! Suart R Wison Kermiogham -
e D inlLeeCien e
povica odes L Soeriom ] whey  commniesand ST
oGy G Links to each other than to
’ locuments ou;s\d their.
mmuni
LA Tamés Vicsek
introduces the
Duncan R Luce n RobertWeis a1 Wayne W.Zachary
Mo poryitive  gen con e e S ncagaiget i e
Cluestsl N Century et becomes & communities (36]
ke g mliple {estbed or communty
aroups 61 iGenticaion 7
The Roots The Explosion
Many of the concepts used in community finding have their roots in

The current i

ity finding was ignited by two papers, proposing
algorithms to identify communities in social [9] and [11] biological systems.
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stochastic models

— random graph model G(n, m) for network links m [ER59]
— configuration model G({k}) for node degrees {k} [NSWO01]
— exponential p*-model G(n,{(x)}) for any expectations {(x)}

— stochastic block model G({C}) for node clusters { C} [HLL83]

* . . . .
assortative & disassortative stochastic block models



stochastic G({C}) model

— G({C},{p}) stochastic block model [HLL83]

— link between / and j placed with probability pc,.,
— M. is number of links between C; and C;

H N n
— M., is maximum m... hence nin; or ()

Ajj Mejc; Me;c; —mc;c;
P(A{C} {p}) = H,’gj pc,-i‘j(l - pcig)l Ai = HC,SC/ Pcic; (1 - Pc,c/) 197

— maximum likelihood G({C}) block model

me

— M—’Cf is maximum likelihood estimate for Peic;

<< c; —Mc;c

L(A{C}) = log P(A[{C}) = Zc,ic/ me;¢; log ﬁ + Mc;c; log #

see graph-tool implementation
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https://graph-tool.skewed.de

stochastic process

(a) Generative process

Node partition, P(b) Edges between groups, P(e|b) Degrees, P(k|e, b) Network, P(A|k, e, b)

(b) Inference procedure

Observed network A Posterior distribution P(b|A) Marginal probabilities
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stochastic overview

hierarchical models [CMNO8, $B14]

degree-corrected SBM [KN11]

&

&

s

&£ E

role models [RWO07, NLO7, GSPA07]

Ppow pasoN

sptomou porzsqQ

nested SBM [Peil5]

image graphs [$B12]

Toverlapping & corrected models also known as mixture & mixed membership models
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