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scale-free property

— random graphs = Poisson degree distribution p, [ER59]
— real networks contain highly linked hubs [Pri65, FFF99]

— scale-free networks ~ power-law degree distribution p, [BA99]

see zooming into World Wide Web demo
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http://networksciencebook.com/chapter/4

scale-free structure
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scale-free power-law

— power-law degree distribution p, with exponent v > 1

pi ~ k™7

log px ~ —7log k

— theoretically correct discrete power-law py for k > 1

Dt pk=C2 kY = CC( )=
pk = Ck™7 =

o C(v)
— analytically convenient continuos povver—/aw plk) for k > Kkmin
o ~+1 km—i"'y+1
Sy PUK)dk = € [ k=7 dk = C = = Raz Y P Coer =1

p(k) = Chk™ = (y = D)kl k=
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scale-free hubs

— for small k < (k) power-law above Poisson
many small degree nodes in scale-free network
— for average k = (k) power-law below Poisson
most nodes similar degree in random graph
— for large k > (k) power-law above Poisson

existence of hubs in scale-free network
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— random graph with n =~ 102 and (k) = 4.6 then Nk>100 ~ 10-8

— scale-free network with n ~ 1012 and v = 2.1 then ny=1qo ~ 4 - 10°
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scale-free cutoff

— maximum degree k.. by upper natural cutoff of p(k)
— for random graph with exponential p(k) = Ae*ming=Ak

— Xk |O©

jkoo p(k)dk = >\e)‘kmin € S = e>\kmine7>\kmax L
‘max -

Kmax

kmax = kmin + InTn
— for scale-free network with power-law p(k) = (y — 1)kl Tk
S22 plk)dk = (v — DRI

gyl oyl 1
min  —~+1 Komax o kmin k’"aX =n

[e'S]

kmax — kminn'y_l
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— random graph with n = 3-10% and A\ = 1 then kpax ~ 14

— scale-free network with n =~ 3-10° and v = 2.1 then kpax ~ 10°
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scale-free moments

— x-th moment (k*) of power-law p; ~ k=7
— (k?) = o} + (k)” determines spread and (k*) determines skewness

x—y+1 kx—'y+1

o0 *Kmax kmax min
(kX) = > 02 kK*px =~ -/kmm k*p(k)dk ~ e S

— moments x < ~ — 1 finite whereas moments x > ~ — 1 diverge

P«

k>

>

k
— scale-free networks v < 3 lack scale as k = (k) 4 o0
— random graphs have scale as k = (k) 4+ +/(k)
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scale-free networks

— heavy-tail p;. of real networks [Barl6]

(k?) — (k)? in real networks

— spread o) =
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scale-free “small-world”

— random graphs are “small-world" as (d) ~ Il'1f‘<—k”>

— scale-free networks v > 3 are “small-world” as (d) ~ Inn

— scale-free networks v < 3 "ultrasmall-world” as (d) ~ Inlnn
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scale-free exponent

ANOMALOUS SCALE-FREE
REGIME REGIME
No large network Indistinguishable
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scale-free distributions
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NAME
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(discrete)

Exponential
(discrete)
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(continuous)
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Power law with cutoff
(continuous)

Stretched exponential
(continuous)

Log-normal
(continuous)
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[continuous)
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scale-free history

@9!

Réka Albert, Hawoong Jeong, an d Albert- Liszlé Barabds
discaver the power-law nature of the WWW (1]
and introduce scale- free networks (2, 1)

ege

Michalis, Petros, and Christos

discover the scale-free mlurro'lhmnh‘me‘msl
PUBLICATION DATE  @hmmn
1965

Derek de Solla Price (1922 - 1983)

discovers that ciations follow o power-law
distribution [7] a finding later attributed to the
scale-free nature of the citation network [2).

2000 2004 2005 2006 2007 2008 2009 2000 M 2012 2013

“we expect that the scale-invariant state observed in all
systems for which detailed data has been available to us
is a generic property of many complex networks, with
applicability reaching far beyond the quoted examples.”

Barabdsi and Albert, 1999
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