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scale-free property

— random graphs = Poisson degree distribution pk [ER59]

— real networks contain highly linked hubs [Pri65, FFF99]

— scale-free networks ∼ power-law degree distribution pk [BA99]

see zooming into World Wide Web demo
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http://networksciencebook.com/chapter/4


scale-free structure
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scale-free power-law

— power-law degree distribution pk with exponent γ > 1

pk ∼ k−γ

log pk ∼ −γ log k

— theoretically correct discrete power-law pk for k ≥ 1∑∞
k=1 pk = C

∑∞
k=1 k

−γ = Cζ(γ) = 1

pk = Ck−γ = k−γ

ζ(γ)

— analytically convenient continuos power-law p(k) for k ≥ kmin∫∞
kmin

p(k) dk = C
∫∞
kmin

k−γ dk = C k−γ+1

−γ+1

∣∣∣∞
kmin

= C
k
−γ+1
min
γ−1

= 1

p(k) = Ck−γ = (γ − 1)kγ−1min k−γ
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scale-free hubs

— for small k � 〈k〉 power-law above Poisson

many small degree nodes in scale-free network

— for average k ≈ 〈k〉 power-law below Poisson

most nodes similar degree in random graph

— for large k � 〈k〉 power-law above Poisson

existence of hubs in scale-free network

— random graph with n ≈ 1012 and 〈k〉 = 4.6 then nk≥100 ≈ 10−82

— scale-free network with n ≈ 1012 and γ = 2.1 then nk≥100 ≈ 4 · 109
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scale-free cutoff

— maximum degree kmax by upper natural cutoff of p(k)

— for random graph with exponential p(k) = λeλkmine−λk∫∞
kmax

p(k) dk = λeλkmin e−λk

−λ

∣∣∣∞
kmax

= eλkmine−λkmax = n−1

kmax = kmin +
ln n
λ

— for scale-free network with power-law p(k) = (γ − 1)kγ−1min k−γ∫∞
kmax

p(k) dk = (γ − 1)kγ−1
min

k−γ+1

−γ+1

∣∣∣∞
kmax

= kγ−1
min k−γ+1

max = n−1

kmax = kminn
1

γ−1

— random graph with n ≈ 3 · 105 and λ = 1 then kmax ≈ 14

— scale-free network with n ≈ 3 · 105 and γ = 2.1 then kmax ≈ 105
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scale-free moments

— x-th moment 〈kx〉 of power-law pk ∼ k−γ

– 〈k2 〉 = σ2
k + 〈k〉2 determines spread and 〈k3〉 determines skewness

〈kx〉 =
∑∞

k=1 k
xpk ≈

∫ kmax

kmin
kxp(k) dk ∼ kx−γ+1

max −kx−γ+1
min

x−γ+1

— moments x ≤ γ − 1 finite whereas moments x > γ − 1 diverge

— scale-free networks γ < 3 lack scale as k = 〈k〉 ±∞
— random graphs have scale as k = 〈k〉 ±

√
〈k〉
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scale-free networks

— heavy-tail pk of real networks [Bar16]

— spread σk =
√
〈k2 〉 − 〈k〉2 in real networks
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scale-free “small-world”

— random graphs are “small-world” as 〈d〉 ' ln n
ln〈k〉

— scale-free networks γ > 3 are “small-world” as 〈d〉 ∼ ln n

— scale-free networks γ < 3 “ultrasmall-world” as 〈d〉 ∼ ln ln n
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scale-free exponent

no graphical {k} for γ < 2 n =
(
kmax/kmin

)γ−1 nonexistent for γ � 3
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scale-free distributions
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scale-free history
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