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Skupine vozlǐsč v omrežjih

Analiza omrežij

Številne vrste realnih omrežij: Newman (2003)

socialna, informacijska, tehnološka, biološka itd.

Analiza omrežij: Newman (2008)

preučevanje zgradbe realnih omrežij

razvoj algoritmov in pristopov

primeri uporabe v praksi

Izjemno aktivno področje v številnih znanostih:
matematika, fizika, računalnǐstvo, družboslovje, biologija itd.
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Skupine vozlǐsč v omrežjih

Zgradba realnih omrežij

lastnosti omrežij (npr. mali svet, brezlestvičnost)

večje skupine vozlǐsč (npr. skupnosti, moduli)

manǰsi vzorci vozlǐsč (npr. motivi, grafki)

lastnosti vozlǐsč (npr. kazala, viri)

povezave, procesi ipd.

Omejimo se na neusmerjena omrežja.
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Skupine vozlǐsč v omrežjih

Karakteristične skupine vozlǐsč

skupnosti (community) Girvan and Newman (2002)

(povezane) skupine tesno povezanih vozlǐsč

moduli (module) Newman and Leicht (2007)

(nepovezane) skupine podobno povezanih vozlǐsč

Omejimo se na neprekrivajoče skupine vozlǐsč.
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Odkrivanje skupin vozlǐsč Osnovna izmenjava oznak
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Odkrivanje skupin vozlǐsč Osnovna izmenjava oznak

Osnovna izmenjava oznak

Osnovna izmenjava oznak (label propagation): Raghavan et al. (2007)

gi = argmax
g

∑
vj∈Ni

δ(gj , g)

gi posodabljamo v naključnem vrstnem redu.

gi je oznaka skupine vozlǐsča vi in δ je Kroneckerjev delta.
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Odkrivanje skupin vozlǐsč Osnovna izmenjava oznak

Nedeterminističnost izmenjave oznak

vi ohrani oznako gi v kolikor je med najpogosteǰsimi. Barber and Clark (2009)

Oznake gi posodabljamo zaporedno (asynchronous). Raghavan et al. (2007)
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Odkrivanje skupin vozlǐsč Osnovna izmenjava oznak

Analiza izmenjave oznak

Prednosti:

brez predhodnega znanja (npr. število skupin)

skoraj linearna časovna zahtevnost

enostavna implementacija

Slabosti:

robustnost več razvrstitev že v manǰsih omrežjih Tibély and Kertész (2008)

natančnost slabša natančnost v omrežjih z nejasno zgradbo Leung et al. (2009)

splošnost pristop omejen na odkrivanje skupnosti Šubelj and Bajec (2012b)
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Odkrivanje skupin vozlǐsč Uravnotežena izmenjava oznak

Robustnost izmenjave oznak

Osnovna izmenjava vrne > 500 razvrstitev v skupine. Tibély and Kertész (2008)
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FIG. 3: The fraction of vertices correctly classified by our
method as the number zout of inter-community edges per ver-
tex is varied, for computer generated graphs of the type de-
scribed in the text. The measurements with half-integer val-
ues zout = k + 1

2
are for graphs in which half the vertices

had k inter-community connections and half had k + 1. Each
point is an average over 100 realization of the graphs. Lines
between points are included solely as a guide to the eye.

B. Zachary’s karate club study

While computer-generated networks provide a repro-
ducible and well-controlled test-bed for our community-
structure algorithm, it is clearly desirable to test the al-
gorithm on data from real-world networks as well. To
this end, we have selected two datasets representing real-
world networks for which the community structure is
already known from other sources. The first of these
is drawn from the well-known “karate club” study of
Zachary [25]. In this study, Zachary observed 34 mem-
bers of a karate club over a period of two years. Dur-
ing the course of the study, a disagreement developed
between the administrator of the club and the club’s
instructor, which ultimately resulted in the instructor’s
leaving and starting a new club, taking about a half of
the original club’s members with him.

Zachary constructed a network of friendships between
members of the club, using a variety of measures to es-
timate the strength of ties between individuals. Here
we use a simple unweighted version of his network and
apply our algorithm to it in an attempt to identify the
factions involved in the split of club. Figure 4a shows
the network, with the instructor and the administrator
represented by nodes 1 and 34, respectively. Figure 4b
shows the hierarchical tree of communities produced by
our method. The most fundamental split in the network
is the first one at the top of the tree, which divides the
network into two groups of roughly equal size. This split
corresponds almost perfectly with the actual division of
the club members following the break-up, as revealed by
which club they attended afterwards. Only one node,
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FIG. 4: (a) The friendship network from Zachary’s karate club
study [25], as described in the text. Nodes associated with the
club administrator’s faction are drawn as circles, while those
associated with the instructor’s faction are drawn as squares.
(b) The hierarchical tree showing the complete community
structure for the network. The initial split of the network into
two groups is in agreement with the actual factions observed
by Zachary, with the exception that node 3 is misclassified.

node 3, is classified incorrectly. In other words, the ap-
plication of our algorithm to the empirically observed
network of friendships is a good predictor of the subse-
quent social evolution of the group.

C. College football

As a further test of our algorithm, we turn to the world
of US college football. (“Football” here means Amer-
ican football, not soccer.) The network we look at is
a representation of the schedule of Division I games for
the 2000 season: vertices in the graph represent teams
(identified by their college names) and edges represent
regular season games between the two teams they con-
nect. What makes this network interesting is that it in-
corporates a known community structure. The teams
are divided into “conferences” containing around 8 to 12
teams each. Games are more frequent between members
of the same conference than between members of differ-
ent conferences, with teams playing an average of about
7 intra-conference games and 4 inter-conference games

Vrstni red obravnave gi se odraža kot preference vozlǐsč fi . Šubelj and Bajec (2011a)

gi = argmax
g

∑
vj∈Ni

fj · δ(gj , g)

fi je “moč” širjenja oznake vozlǐsča vi . Leung et al. (2009)
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Odkrivanje skupin vozlǐsč Uravnotežena izmenjava oznak

Uravnotežena izmenjava oznak
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Uravnotežena izmenjava (balanced propagation): Šubelj and Bajec (2011a)

gi = argmax
g

∑
vj∈Ni

bj · δ(gj , g) bi =
1

1 + e−µ(ti−λ)

bi je protiutež in ti ∈ (0, 1] normaliziran indeks vozlǐsča vi .
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Odkrivanje skupin vozlǐsč Uravnotežena izmenjava oznak

Eksperimentalni rezultati

# različnih razvrstitev v 1000 ponovitvah: Šubelj and Bajec (2011a)

karate dolphins books football jazz elegans

Osnovna izmenjava 184 525 269 414 63 707
Uravnotežena izmenjava 19 36 29 154 20 75

Robustnost se izbolǰsa na račun časovne zahtevnosti. Šubelj and Bajec (2011c)
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Posplošena izmenjava oznak
Drugi algoritmi in pristopi

3 Uporaba skupin vozlǐsč
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Odkrivanje skupin vozlǐsč Napredna izmenjava oznak

Natančnost izmenjave oznak

Natančnost izbolǰsamo z uporabo preferenc vozlǐsč fi . Leung et al. (2009)
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FIG. 3: The fraction of vertices correctly classified by our
method as the number zout of inter-community edges per ver-
tex is varied, for computer generated graphs of the type de-
scribed in the text. The measurements with half-integer val-
ues zout = k + 1

2
are for graphs in which half the vertices

had k inter-community connections and half had k + 1. Each
point is an average over 100 realization of the graphs. Lines
between points are included solely as a guide to the eye.

B. Zachary’s karate club study

While computer-generated networks provide a repro-
ducible and well-controlled test-bed for our community-
structure algorithm, it is clearly desirable to test the al-
gorithm on data from real-world networks as well. To
this end, we have selected two datasets representing real-
world networks for which the community structure is
already known from other sources. The first of these
is drawn from the well-known “karate club” study of
Zachary [25]. In this study, Zachary observed 34 mem-
bers of a karate club over a period of two years. Dur-
ing the course of the study, a disagreement developed
between the administrator of the club and the club’s
instructor, which ultimately resulted in the instructor’s
leaving and starting a new club, taking about a half of
the original club’s members with him.

Zachary constructed a network of friendships between
members of the club, using a variety of measures to es-
timate the strength of ties between individuals. Here
we use a simple unweighted version of his network and
apply our algorithm to it in an attempt to identify the
factions involved in the split of club. Figure 4a shows
the network, with the instructor and the administrator
represented by nodes 1 and 34, respectively. Figure 4b
shows the hierarchical tree of communities produced by
our method. The most fundamental split in the network
is the first one at the top of the tree, which divides the
network into two groups of roughly equal size. This split
corresponds almost perfectly with the actual division of
the club members following the break-up, as revealed by
which club they attended afterwards. Only one node,
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FIG. 4: (a) The friendship network from Zachary’s karate club
study [25], as described in the text. Nodes associated with the
club administrator’s faction are drawn as circles, while those
associated with the instructor’s faction are drawn as squares.
(b) The hierarchical tree showing the complete community
structure for the network. The initial split of the network into
two groups is in agreement with the actual factions observed
by Zachary, with the exception that node 3 is misclassified.

node 3, is classified incorrectly. In other words, the ap-
plication of our algorithm to the empirically observed
network of friendships is a good predictor of the subse-
quent social evolution of the group.

C. College football

As a further test of our algorithm, we turn to the world
of US college football. (“Football” here means Amer-
ican football, not soccer.) The network we look at is
a representation of the schedule of Division I games for
the 2000 season: vertices in the graph represent teams
(identified by their college names) and edges represent
regular season games between the two teams they con-
nect. What makes this network interesting is that it in-
corporates a known community structure. The teams
are divided into “conferences” containing around 8 to 12
teams each. Games are more frequent between members
of the same conference than between members of differ-
ent conferences, with teams playing an average of about
7 intra-conference games and 4 inter-conference games

Osnovne lastnosti vozlǐsč niso primerne za preference fi . Šubelj and Bajec (2011b)
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Odkrivanje skupin vozlǐsč Napredna izmenjava oznak

Zadržana in napadalna izmenjava oznak

Stopnje vozlǐsč Zadržana Napadalna

Zadržana izmenjava (defensive propagation): Šubelj and Bajec (2011b)

gi = argmax
g

∑
vj∈Ni

pj · δ(gj , g)

Napadalna izmenjava (offensive propagation):

gi = argmax
g

∑
vj∈Ni

(1− pj ) · δ(gj , g)

pi je verjetnost naključnega sprehajalca znotraj skupine gi .
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Odkrivanje skupin vozlǐsč Napredna izmenjava oznak

Napredna izmenjava oznak

Zadržana (napadalna) izmenjava doseže visok priklic (natančnost).

Napredna izmenjava (diffusion propagation): Šubelj and Bajec (2011b)
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Odkrivanje skupin vozlǐsč Napredna izmenjava oznak

Eksperimentalni rezultati

Natančnost je primerljiva z najbolǰsimi pristopi. Šubelj and Bajec (2010)

Časovna zahtevnost skoraj linearna O(m1,19). Šubelj and Bajec (2011b)

m je število povezav v omrežju.
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2 Odkrivanje skupin vozlǐsč
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Odkrivanje skupin vozlǐsč Posplošena izmenjava oznak

Splošnost izmenjave oznak

Pristop omejen na tesno povezana vozlǐsča (tj. skupnosti). Šubelj and Bajec (2012b)

Analogija med skupinami:

2 skupnosti, 2 modula 4 skupnosti

Oznake naj si izmenjujejo tudi vozlǐsča na razdalji dva.
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Odkrivanje skupin vozlǐsč Posplošena izmenjava oznak

Posplošena izmenjava oznak

Posplošena izmenjava (general propagation): Šubelj and Bajec (2012b)

gi = argmax
g

νg

∑
vj∈Ni

δ(gj , g) + (1− νg)
∑

vj∈Ni

∑
vk∈Nj

δ(gk , g)


νg je blizu ena (nič) za skupnosti (module):

lastnosti skupin Šubelj and Bajec (2012b)

nakopičenost vozlǐsč Šubelj and Bajec (2011c)

popravljena nakopičenost Šubelj and Bajec (2014)

νg ∈ [0, 1] je parameter skupine vozlǐsč g.
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Odkrivanje skupin vozlǐsč Posplošena izmenjava oznak

Eksperimentalni rezultati

Natančnost je vsaj primerljiva z najbolǰsimi pristopi. Šubelj and Bajec (2014)

AUC pri napovedovanju povezav:

|Ni | · |Nj | |Ni ∩ Nj | Infomap Izmenjava

football 0.222 0.817 0.804 0.799
politics 0.646 0.862 0.763 0.762
software 0.779 0.826 0.724 0.766
elegans 0.812 0.920 0.631 0.641
women 0.564 0.290 0.578 0.699

corporate 0.456 0.481 0.649 0.748
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Odkrivanje skupin vozlǐsč Drugi algoritmi in pristopi

Algoritem Infomod Rosvall and Bergstrom (2007)

Odkrivanje skupin s kodiranjem in metodo največjega verjetja.
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Odkrivanje skupin vozlǐsč Drugi algoritmi in pristopi

Algoritem Infomap Rosvall and Bergstrom (2008)

Odkrivanje skupin z naključnimi sprehodi in Huffmanovim kodiranjem.
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0111 1110 0111 1110 1111101 1110 0000 10100 0000 1110 10001 0111
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0011 0100 0011 0110 11011 0110 0011 0100 1001 10111 0011 0100
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011 10 000 111 0001 0 111 010 100 011 00 111 00 011 00 111 00 111

110 111 110 1011 111 01 101 01 0001 0 110 111 00 011 110 111 1011

10 111 000 10 000 111 0001 0 111 010 1010 010 1011 110 00 10 011

110 00010 0001

0 1011111 0001

110

10

0

111

111 0000 11 01 101 100 101 01 0001 0 110 011 00 110 00 111 1011 10

111 000 10 111 000 111 10 011 10 000 111 10 111 10 0010 10 011 010

011 10 000 111 0001 0 111 010 100 011 00 111 00 011 00 111 00 111

110 111 110 1011 111 01 101 01 0001 0 110 111 00 011 110 111 1011

10 111 000 10 000 111 0001 0 111 010 1010 010 1011 110 00 10 011
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Odkrivanje skupin vozlǐsč Drugi algoritmi in pristopi

Ekstrakcija skupin vozlǐsč Šubelj et al. (2013a)

1Corresponding author: lovro.subelj@fri.uni-lj.si
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Internet overlay

What are characteristic groups of nodes in real-world networks? Network (type) dependent. 
What portion of network links is explained by the group structure? Between 60% and 90%.
What portion of network nodes is included in the group structure? More than 50%.

1. A simple formalism and criterion for general groups of nodes.
2. An adequate extraction procedure for statistically significant groups.
3. Characterization of the group structure of different real-world networks.

Contributions

Group extraction
A sequential extraction [2] of groups that can be overlapping, nested etc.
(1) Find S and T that optimize criterion W (e.g., tabu search).
(2) Extract only the explained links between S and T (and isolated nodes).
(3) Repeat until W is larger than expected in a random graph (by simulation).

S  T

Group formalism
Let S be a group of nodes, T the linking pattern and τ the group parameter.

Complex real-world networks contain characteristic groups of nodes with common linking pat-
tern like densely linked communities [1]. These were the focus of most recent work and have di-
verse applications. However, many real-world networks also contain other groups of nodes that 
can be overlapping and other, whereas some parts of the networks reveal no significant groups.

Background

Let W be the group criterion, L the number of links and µ the (harmonic) mean size.

W is a local asymmetric criterion that favors the links between S and T, and penalizes for the 
links between S and TC. (Note, however, that W disregards the links with both endpoints in SC.)
For S = T,  W is consistent with a wide class of other models (e.g., stochastic blockmodel). [2]

Group criterion

Group examples

Community
S = T (τ = 1)

Module
S ≠ T (τ = 0)

Hub & spokes
ǀTǀ = 1 (τ = 0)

Core & periphery
S ⊂ T (τ < 1)

Mixture
Other (τ � ½)

University of Ljubljana, Faculty of Computer and Information Science, Slovenia
Lovro Šubelj1, Neli Blagus & Marko Bajec

Group extraction for real-world networks
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Uporaba skupin vozlǐsč Programsko inženirstvo

Vsebina

1 Skupine vozlǐsč v omrežjih

2 Odkrivanje skupin vozlǐsč
Osnovna izmenjava oznak
Uravnotežena izmenjava oznak
Napredna izmenjava oznak
Posplošena izmenjava oznak
Drugi algoritmi in pristopi

3 Uporaba skupin vozlǐsč
Programsko inženirstvo
Drugi primeri uporabe

4 Zaključek
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Uporaba skupin vozlǐsč Programsko inženirstvo

Programska omrežja

Omrežja odvisnosti med razredi (class dependency): Šubelj and Bajec (2011d)

C

P F

I

S

R

Podobne splošne lastnosti kot druga realna omrežja. Valverde et al. (2002)
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Uporaba skupin vozlǐsč Programsko inženirstvo

Analiza skupnosti vozlǐsč

Programska omrežja vsebujejo jasne skupnosti. Šubelj and Bajec (2011d)

Skupnosti vozlǐsč le delno sovpadajo s programskim paketi.
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Uporaba skupin vozlǐsč Programsko inženirstvo

Analiza skupin vozlǐsč

Splošne skupine sovpadajo s paketi ipd. Šubelj and Bajec (2012b); Šubelj et al. (2013b)

7
12

10 2
4

14
228

3

23
5

15

21

13

6

16 19

241
20

9
17

11
18

  1. AbstractGraph
  2. AbstractTypedGraph
  3. DelegateForest
  4. DelegateTree
  5. DirectedGraph
  6. DirectedOrderedSparseMultigraph
  7. DirectedSparseGraph
  8. DirectedSparseMultigraph
  9. EdgeType
10. Forest
11. Graph
12. GraphDecorator
13. Hypergraph
14. MultiGraph
15. OrderedKAryTree
16. OrderedSparseMultigraph
17. Pair
18. SortedSparseMultigraph
19. SparseMultigraph
20. Tree
21. UndirectedGraph
22. UndirectedOrderedSparseMultigraph
23. UndirectedSparseGraph
24. UndirectedSparseMultigraph

3

121511

1

17
14

10

8

4

13
7

95

20
18

6

19

16

2
  1. DelegateDoubleMatrix1D
  2. DenseDoubleMatrix1D
  3. DenseDoubleMatrix2D
  4. DenseDoubleMatrix3D
  5. DoubleMatrix1D
  6. DoubleMatrix2D
  7. RCDoubleMatrix2D
  8. RCMDoubleMatrix2D
  9. SelectedDenseDoubleMatrix1D
10. SelectedDenseDoubleMatrix2D
11. SelectedDenseDoubleMatrix3D
12. SelectedSparseDoubleMatrix1D
13. SelectedSparseDoubleMatrix2D
14. SelectedSparseDoubleMatrix3D
15. SparseDoubleMatrix1D
16. SparseDoubleMatrix2D
17. SparseDoubleMatrix3D
18. TridiagonalDoubleMatrix2D
19. WrapperDoubleMatrix1D
20. WrapperDoubleMatrix2D
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Uporaba skupin vozlǐsč Programsko inženirstvo

Uporaba skupin vozlǐsč

Točnost napovedovanja programskih paketov: Šubelj and Bajec (2012a); Šubelj et al. (2013b)

Omrežje # Razredov # Kategorij Sosedi Γ Skupine S Omrežje N Privzeto Naključno

jbullet 107 11 72.0% 75.7% 64.5% 28.0% 8.6%
colt 154 16 58.4% 73.4% 55.2% 22.7% 5.9%
jung 237 31 72.2% 74.2% 65.0% 11.4% 3.3%

lucene 1335 178 47.1% 49.2% 43.7% 6.4% 0.6%

Točnost napovedovanja visoko-nivojskih programskih paketov:

Omrežje # Razredov # Kategorij Sosedi Γ Skupine S Omrežje N Privzeto Naključno

jbullet 107 5 84.6% 85.0% 78.5% 64.5% 20.4%
colt 154 10 86.4% 83.8% 69.5% 39.0% 9.7%
jung 237 5 89.1% 90.5% 91.1% 44.3% 20.3%

lucene 1335 15 85.5% 90.8% 85.0% 28.2% 6.6%

Točnost napovedovanja vrste, verzije in avtorjev razredov:

# Kategorij Sosedi Γ Skupine S Omrežje N Privzeto Naključno

Vrsta razreda 2 65.0% 85.2% 84.8% 84.4% 49.9%
Verzija razreda 9 67.7% 72.8% 66.2% 44.3% 11.2%
Avtor razreda 11 71.6% 71.0% 70.9% 44.3% 9.2%
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Uporaba skupin vozlǐsč Programsko inženirstvo

Uporaba skupin vozlǐsč (II)

Abstrakcija in analiza programskih knjižnic: Šubelj and Bajec (2011d, 2012a)

Reorganizacija programskih paketov (npr. modularno):
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Uporaba skupin vozlǐsč Drugi primeri uporabe

Vsebina

1 Skupine vozlǐsč v omrežjih

2 Odkrivanje skupin vozlǐsč
Osnovna izmenjava oznak
Uravnotežena izmenjava oznak
Napredna izmenjava oznak
Posplošena izmenjava oznak
Drugi algoritmi in pristopi

3 Uporaba skupin vozlǐsč
Programsko inženirstvo
Drugi primeri uporabe

4 Zaključek
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Uporaba skupin vozlǐsč Drugi primeri uporabe

Analiza znanstvenih publikacij Rosvall and Bergstrom (2008)
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Uporaba skupin vozlǐsč Drugi primeri uporabe

Družabna in komunikacijska omrežja

Caltech Porter et al. (2009) Mobilne komunikacije v Belgiji Blondel et al. (2008)
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Zaključek

Vsebina

1 Skupine vozlǐsč v omrežjih

2 Odkrivanje skupin vozlǐsč
Osnovna izmenjava oznak
Uravnotežena izmenjava oznak
Napredna izmenjava oznak
Posplošena izmenjava oznak
Drugi algoritmi in pristopi

3 Uporaba skupin vozlǐsč
Programsko inženirstvo
Drugi primeri uporabe

4 Zaključek
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Zaključek

Zaključek

pristopi za odkrivanje skupin vozlǐsč v omrežjih
zahtevnost, splošnost, natančnost, robustnost, enostavnost, brez parametrov

analiza in uporaba skupin v realnih omrežjih

za več glej http://lovro.lpt.fri.uni-lj.si/
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Odkrivanje skupin vozlǐsč v omrežjih z izmenjavo oznak

Lovro Šubelj

Univerza v Ljubljani, Fakulteta za računalnǐstvo in informatiko
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G. Tibély and J. Kertész. On the equivalence of the label propagation method of community
detection and a potts model approach. Physica A, 387(19-20):4982–4984, 2008.
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